We investigate the viability of F-term uplift in heterotic M-theory. With this aim we explore a natural ingredient of heterotic compactifications, namely vector bundle moduli. It is shown that it is generically possible to obtain stable de Sitter vacua with broken supersymmetry provided the little Kähler potential and the prefactors of the non-perturbative superpotential are suitably tuned. An additional requirement is the existence of non-trivial gauge instantons both at the visible and hidden sectors. This is illustrated with analytical and numerical examples.
Introduction
The search for stable string theory de Sitter vacua experienced a new boost in the last six years, triggered by the works of [1, 2] . Most of this effort has been directed to the type IIB string setting (for a recent review see [3] ), and indeed led to new insights in string phenomenology and cosmology. It is highly desirable to extend these successes to the heterotic string/M theory too, for these naturally give rise to grand unified theories with a chiral spectrum.
Swift progress towards moduli stabilization in the heterotic string/M-theory setting is hardened by a number of technical difficulties, of which we name a few: (i) absence of RR fluxes and non-Kählerness of the (6d) compactification manifold once the most general fluxes are taken into account; (ii) presence of non-trivial Hermitean Yang-Mills (HYM) instantons and the associated bundle moduli; (iii) lack of a truly compelling mechanism for uplifting anti de Sitter supersymmetric vacua to Minkowski or de Sitter ones. In practice, (i) means that
The underlying idea
The setup we consider in this paper is a minimal truncation of heterotic M-theory [18] , with h 1,1 = 1 Kähler modulus, and two gauge singlet chiral superfields: one at the visible brane, another at the hidden one. The effective 4d Kähler and superpotential read [12] K = K(T +T − k 0 (χ,χ) − k π (φ,φ); S π +S π + αk π (φ,φ)) , Here, T is the Kähler modulus, the so-called dilaton S π is the Calabi-Yau volume modulus at the hidden brane, while χ and φ are vector bundle moduli, singlets under the unbroken gauge symmetries at the visible and hidden brane of heterotic M-theory, respectively. The Kähler potential in eqs.(1.1) and (1.2) follows from our superfield description [12, 16] of 5d heterotic M-theory. A more detailed explanation of these expressions will be provided in section 2 and the appendix.
In the present paper, we want to explore the (χ, φ)-dependence of the little Kähler potentials 1 k i , and also A(χ, φ), B(φ) and W 0 (χ, φ) in the superpotential above, to obtain supersymmetry breaking de Sitter vacua. As we will discuss in section 2, while in general the non-perturbative prefactors are functions of the bundle moduli, for this to be also the case for W 0 one has to make an additional assumption, namely that by some mechanism certain charged scalars get non-vanishing VEVs. Avoiding this assumption implies that W 0 is a constant, and we might worry that it is then not possible to have enough uplift to obtain dS vacua. In fact, in type IIB KKLT like flux compactifications this seems to be the case (for explicit examples see [20] ), and the reason for this is the no-scale structure of the Kähler potential. 2 To be more precise, what we mean is that in the simplest type IIB setup with one Kähler modulus, gaugino condensation on a stack of D7 branes wrapping the 4-cycle, and a mobile D3 brane with position z, described by K = −3 ln(T +T − k(z,z)) , W = W 0 + A(z)e −aT , (1.4) one cannot find stable dS minima [23, 24] . A way out of this problem, put forward in ref. [25] (see also [23] ), is to allow the tree level superpotential W 0 to depend on additional hidden matter singlet(s). By contrast, since in the heterotic M-theory case the Kähler potential does not display a no-scale structure, we expect that it might be possible to have dS vacua even without invoking W 0 to be φ-dependent. Likewise, as we will see in Sec. 3.1, replacing the Kähler potential of Eq.(1.4) by K = −n ln(T +T − k(z,z)) with n ≥ 4 is enough to allow for the construction of dS vacua by suitably choosing k(z,z) and A(z).
In the following we elaborate on the conditions needed for an uplift. In the case at hand, the scalar potential can be written as (see Appendix A)
where
and
Here, I runs only over the geometric moduli, T and S π (i.e. X I = T, S π ). We have split the potential into two terms. The first one, V 0 , is not sensitive to the existence of the singlet φ in a significat way and leads to the AdS vacua studied in ref. [12] . The second term, δV 0 , depends on the derivatives of the little Kähler potential and the superpotential with respect to φ and, therefore, can work as an uplift term. A necessary condition for the uplift to be non-zero is thus that at the minimum 8) where α = χ and/or φ. Clearly, uplift thus necessarily implies supersymmetry breaking. At first sight, the simplest way of obtaining enough uplift is to have ∂ φ W 0 = µ 2 = 0 and a neglegible contribution of non-perturbative terms to (1.8) . Then, by fine-tuning µ 2 one can easily obtain enough uplift to render the vacuum energy positive. To avoid postulating a φ-dependent tree-level superpotential, we might consider instead exploring the other (exponentially suppressed) terms in (1.8) . Since in that case, the l.h.s. of this equation also depends denote the Kähler potential for a D3 brane moduli space, which is the compactification manifold itself. In the present case, the little Kähler potential determines instead the geometry of the bundle moduli space. 2 In the case of multiple Kähler moduli the no-scale structure of the Kähler potential is not an obstacle to the existence of dS vacua [21] . However, the latter are still difficult to construct with well-motivated superpotentials [22] . on the geometric moduli T and S π , it is less clear that the uplift term can turn a negative energy vacuum into a positive energy one. What could go wrong is that the geometric moduli might conspire to suppress the l.h.s. of (1.8) in the new vacuum. It is the purpose of this paper to investigate these matters in detail to find out when and how the uplift potential Eq.(1.7) can lead to Minkowski and de Sitter vacua.
Section 2 contains a discussion of all terms in the superpotential, with emphasis on the tree-level dependence on the bundle moduli, and of the Kähler potential, presented in Section 2.3, where we also comment on little Kähler transformations. Moduli stabilisation is the subject of the next two Sections. In Section 3, we investigate the feasibility of vacuum uplift without invoking a tree level bundle moduli dependence in the superpotential. In Section 4 we explore such a term and give concrete numerical examples of stable Minkowski vacua. We close with a short discussion of future directions of research.
We conclude this introduction with two comments. The first one concerns the differences between our setup and the more phenomenological models discussed in [26] and [27] (based on [25] ) in the context of heterotic string compactifications. The basic differences are in (i) the number of moduli involved in our problem; (ii) the form of the Kähler potential, in particular its dependence on the bundle modulus φ. But most crucially, (iii) the fact that we do not need to invoke a tree-level dependence of the superpotential on φ. In particular, unlike ref. [26] , we do not assume the Kähler modulus T to be stabilised at a self-dual point and therefore we have to study a problem with at least three moduli. Also, the form of the Kähler potential in that reference is different from ours, leading to an uplifting term,
which has no dependence on the Kähler modulus and a different dependence on the bundle modulus and dilaton, but is otherwise qualitatively similar. We would like to comment also on the possibility of D-term uplifting [28, 29] , which in the the context of heterotic M-theory has been discussed e.g. in [8, 12] . We consider an anomalous U(1) A acting at the hidden brane, the discussion for the visible brane being completely analogous. The axions of both the Kähler modulus T and the hidden brane CY volume modulus S π are charged under this U(1) A symmetry. A computation of the induced D-term potential then leads to 9) where the charge Q A is determined by the first Chern class of the U(1) A gauge field. Since the form of this term is similar to the one of the F-term uplift discussed before (cf. Eq.(1.7)), one might be led to consider also the possibility of D-term uplifting. However, as we pointed out in [12] , it is known that for a non-vanishing Q A (first Chern class of the U(1) A ) the prefactor A(φ) in the non-perturbative superpotential presented in (1.3) vanishes. As such, it is not possible anymore to find stable vacua, AdS or else.
The superpotential and Kähler potential
In this section we collect the Kähler potential and all superpotential terms that determine the F-term potential relevant for our discussion of stable Minkowski/de Sitter vacua. Special emphasis is placed in explaining the tree-level superpotential depence on bundle moduli.
Tree level superpotential
As we already emphasised, the low-energy tree-level superpotential that is obtained in heterotic Calabi-Yau compactifications with hermitean Yang-Mills instantons does not contain bundle moduli self-couplings. In fact, this follows [30] from the holomorphicity condition F (0,2) = 0 which is imposed on the background gauge fields by the requirement of supersymmetry (see e.g. discussion in [12] ). On the other hand, the superpotential does depend on the bundle moduli through couplings to massive charged modes, including Kaluza-Klein states. To generate an uplift term of the type discussed in [26] , it is therefore crucial that some of these modes obtain non-vanishing Vev's. Let us explain this in more detail.
In heterotic M-theory, the tree-level superpotential can be obtained [12] 3 using the superpotential induced in the presence of a non-zero 4-form flux G,
where Ω is the Calabi-Yau's (3, 0)-form. Then, a straightforward computation shows that the superpotential for the chiral superfields at the hidden brane is
whereĀ =Āndzn is the (0, 1)-component of the gauge field at the hidden brane. The 4d superpotential couplings are obtained by expressing the gauge field as a sum of a background A(φ) configuration and charged fluctuations, which we denote collectivelly by C:
The background configurationĀ(φ) is parametrized by a number of gauge bundle moduli, singlets under the unbroken gauge symmetries, and must be holomorphic in the sense that the (0, 2)-component of the gauge field strength must vanish, F (0,2) (φ) = 0. Then, one can show that, up to a constant piece, the superpotential reads
The cubic term on the r.h.s. of (2.4) leads to the low-energy Yukawa couplings. In particular, in the standard embedding case we obtain in this way the standard 27 Yukawa couplings. Massless charged modes satisfyDC = 0 in which case the first term in (2.4) vanishes. Of interest to us in this paper, therefore, are non-zero modes for which 6) as in this case, the first term in the superpotential can lead to mass terms 4 [32] for charged matter of the type
It is a well known feature that, as one moves in the vector bundle moduli space parameterized by the φ α , the number of massless charged states n C can change. Generically, there are hypersurfaces in moduli space where this number increases. Then, once one departs from the hypersurface a number of these states becomes massive. This phenomenon is described by the above superpotential as follows. There must be a sub-matrix of m ab (φ) that vanishes at the hypersurface which, by a suitable field redefinition, we set to be at φ = 0. 5 As φ = 0, that sub-matrix of the KK mass matrix becomes non-zero, and the corresponding charged states become massive. It is possible to describe in more detail what is happening near these hypersurfaces. In the following, we will denote the massive states we are interested on as Q:
These are defined by (0, 1)-formsū Q satisfying the eigenvalue equation
whereD † ≡ − * D * is the adjoint ofD. At the locus φ = 0 where the Q become massless we have M 2 = 0, andū Q =ū 0 Q is an element of Doulbeault cohomology (at φ = 0),
Expanding to first order around φ = 0,
we find φD † 0D 0ū 1
Then, the fact that M 2 is a real function of φ andφ implies that 13) and therefore, to first order in the bundle modulus φ,ū Q is an element of theD 0 -Dolbeault cohomology.D
Armed with this knowledge, we can compute the superpotential mass term near the locus φ = 0. In fact, it follows from this equation that 15) and plugging this back in the superpotential (2.4) we find the following term
a function of the complex structure and bundle moduli. Concrete examples of this type of couplings have been constructed e.g. in [33] [34] [35] with an eye on realizing dynamical SUSY breaking or generating µ-terms in heterotic M-theory. Then, eventually, the meson Q T mQ dynamically acquires a non-vanishing Vev,
To realize the proposal of [25] in the heterotic M-theory setting, later in sec.4 we will have to assume this to be the case. The detailed mechanism leading to this Vev will not be of concern to us. Relevant for us will be the fact that the classical superpotential contains a term linear in φ W tree = µ 2 φ + · · · (2. 19) and therefore ∂ φ W tree = 0 at the locus φ = 0.
Non-pertubative superpotential
Non-perturbative contributions to the superpotential of heterotic M-theory have been discussed in several places in the literature. They can arise due to M2-brane instantons [4, 36, 37] stretching between the boundary branes and wrapping holomorphic cycles, and due to gaugino condensation [38] [39] [40] taking place at the hidden brane [41] [42] [43] [44] [45] . In our case, with h 1,1 = 1, there is only one cycle that the M2-brane instanton can wrap, and the non-perturbative part of the superpotential reads 20) where A(φ, z) and B(φ, z) are one-loop determinants for the classical M2-brane instanton and the gauge instanton contributions, respectively. Generically, these prefactors depend both on the bundle moduli φ and the complex structure moduli z. Specific examples of this dependence for M2 brane instantons have been computed [46] [47] [48] for vector bundles over elliptically fibered Calabi-Yau 3-folds described by the spectral cover construction. In these cases, the prefactor A(φ, z) is a homogeneous polynomial function of the bundle moduli. As far as we know, the dependence of the prefactor B(φ, z) on the bundle moduli has not been discussed in the literature so far.
The Kähler potential
In [12] , we showed that the dependence of the Kähler potential on the bundle moduli is determined by h 1,1 so-called little Kähler potentials
Here, the (2, 2)-forms ω I span the CY's H 2,2 cohomology and the α I are the instanton numbers. The φ i stand for all bundle moduli, both at the visible brane (i = 0) and the hidden brane i = π. In this paper we consider the simplest case leading to uplift, i.e. one bundle modulus at each brane. While this small number of bundle moduli is unrealistic, our results can straightforwardly be extended to the many moduli case. Also, for the sake of computational simplicity, we take h 1,1 = 1. Then ω I → J ∧ J in Eq.(2.21), where J is the CY's Kähler 2-form. In the definition (2.21) of the little Kähler potentials we are implicitly assuming that there is a gauge for which the (0, 1)-component of the gauge connection,Ā, depends only on the holomorphic bundle moduli φ i . For h 1,1 = 1, in [12, 16] we were able to determine the exact Kähler potential that follows from a reduction to 4d of the 5d heterotic M-theory of ref. [18] . It reads
. (2.23)
In the weak coupling limit Re(S π ) ≫ αRe(T ), we then find
as expected. Later, in sections 3 and 4 we will study vacua with αRe(T ) Re(S π )/3, for which (2.24) still is a very good approximation.
The full Kähler potential is invariant under so-called little Kähler transformations,
25)
Note that under little Kähler transformations also the φ-dependent prefactors of the nonpertubative terms in the superpotential (1.3) get transformed. Indeed, the transformation is as follows: − bα a , but we do not assume this to be the case.
Stable de Sitter vacua without matter VEVs
In a previous paper [12] we showed how in heterotic M-theory with the superpotential Eq.(1.3) and constant W 0 and B, supersymmetric AdS vacua can always be found. These features are present if the gauge bundle at the hidden brane is trivial and the matter sector does not acquire non-trivial VEVs. In this case, the supersymmetry condition determining the value of χ simplifies considerably, reading
Once we embed a non-trivial bundle at the hidden sector, B becomes a function of the associated bundle moduli φ. In this case, in addition to to replacing A(χ) by A(χ, φ) in (3.1), supersymmetry also leads to
In the case mentioned at the end of the previous section, that B(φ) is proportional to a certain power of A(φ), we find that the supersymmetry condition Eq.(3.2) reduces to Eq.(3.1).
As explained in sec.1.1, once supersymmetry is broken, certain terms in the potential become non-vanishing and positive and thus might act as uplift terms. It is therefore natural to wonder if it is possible to setup the prefactors A(χ, φ) and B(φ), as well as the little Kähler potentials k 0 (χ,χ) and k π (φ,φ), in order to obtain de Sitter vacua (with broken supersymmetry). The answer to this question is positive, but to a certain degree obtaining this result relies on numerical trial and error. To make our findings more transparent for the reader, we will illustrate the main features of this mechanism with the help of a toy model before focusing the heterotic M-theory case.
A toy model
Our toy model is defined by
3)
For n = 3 this model describes the situation one encounters in type IIB KKLT like compactifications, with a no-scale structure (K ij K i Kj = 3). For n = 4 we find instead a situation in several regards similar to the one we discuss in this paper, for which K ij K i Kj = 4, too. Our analysis is simplified by redefining
Taking ∂ zk = 0 necessarily implies that no Minkowski stable vacuum can be achieved. To see this, we note that in the limit that the model can be trusted, i.e. for aRe(T ) ≫ 1, the potential can be arranged as
To derive this result we used the following set of relations (see Appendix A),
A Minkowski vacuum (V = ∂ΦV = 0) would then imply both that Φ ≃ −n and V = 0, which is of course not possible. This situation might change however if, at the vacuum, ∂ z k = 0. We can always set z = 0 at the vacuum and, by a suitable redefinition of T , takẽ k(z = 0) = 0 andk (z,z) = c z +cz + |z| 2 + · · · (3.10)
Then, at z = 0 the potential becomes
Imposing the Minkowski vacuum conditions, we then find, again to leading order in an expansion in inverse powers of aRe(T ), that 12) and (with V = 0)
for n = 3. Plugging this back in Eq.(3.12), we obtain Φ ≃ −(n − 3) (3.14)
which fixes the value of the modulus T given a, n and (A 0 /W 0 ). The amount of uplift, i.e. the value of |c| 2 , needed to obtain a Minkowski vacuum is then given by (3.13). For n = 3, we find instead
Moreover, since
and ∂ 2 Φ V is subleading, we conclude that for n > 3 Minkowski vacua are possible while for n ≤ 3 the opposite is the case.
One last condition still has to be imposed on the derivatives ofk(z,z) at z = 0, to ensure that at this point the potential really has a minimum with respect to z too. This can be achieved, for example, if one takes c =c and
leading to
which for n ≥ 4 has a minimum at z = 0. The z-modulus thus gets stabilised with a mass of order
One can also check that with the Ansatz (3.17) there is a supersymmetric AdS vacuum, for which z = c(n − 3)/(n + 3) is unequal to zero, and the value of T in the vacuum is given by solving
but we will not further dwell on this issue.
Closing this section, we would like to comment on the effect that considering a larger number of z-moduli could have on the uplift mechanism. This is relevant in the context of heterotic string/M-theory compactifications, where one typically has dozens of bundle moduli. This possibility can be taken into account by modifying the parameter |c| 2 that determines the amount of uplift as
Unless there is some special (unknown to us) structure constraining this quantity in the bundle moduli space, as there is for the Kähler moduli space, it is reasonable to believe that increasing the number of moduli also means increasing the amount of uplift due to the combined effect of all bundle moduli. That would mean that the typically large number of bundle moduli should make it easier to obtain dS vacua in heterotic M-theory.
Results for heterotic M-theory model
We now come back to the main object of investigation in this paper, i.e. the heterotic M-theory model introduced in section 1.1, with a constant tree-level superpotential (µ 2 = 0). Recall that the main differences with respect to the toy model discussed above lie in the number of moduli (now two geometric moduli and two bundle moduli -one per brane) and in the more complicated form of the uplift terms appearing in the uplift potential (1.7). This last aspect is a relevant one, as we now explain using a reasoning in the line of the previous section. We introduce the variables 22) and
Using suitable little Kähler transformations one can always set the k i to zero in the vacuum, and we will do this here. Then, for aRe(T ) ≫ 1 and bRe(S π ) ≫ 1, the potential before the uplift can be approximated as (cf. Appendix A)
Following the same type of argument as above, we find that at the minimum Φ ≃ −3 and Ψ ≃ −1, leading to adS vacua. To this potential we now add the uplift terms, which, again neglecting a number of subleading contributions, we write as (cf. Eq.(A.13) and following) 25) where
An interesting observation is that, if we take e = 0 we retrieve the same potential for Φ as in the toy model with n = 3 (cf. eq. (3.11) ), which we showed to lead to insufficient uplift. On the other hand a straightforward but lengthy calculation shows also that setting c = 0 is not compatible with a Minkowski or dS vacuum. Thus, we find that it is necessary to have at least one bundle modulus at each brane and c, e = 0.
We focus now on the particular case with d = 0. For Minkowski vacua we find
At these vacua (with d = 0), the mass matrix of the geometric moduli can also be easily computed. We obtain 31) and
while all other components of the matrix (V T T , V TSπ , etc.) are subleading. Clearly, for |c| 2 > 4Re(T ) these vacua are minima with respect to the geometric moduli. The precise values of their masses depends on the form of the little Kähler potentials and superpotential prefactors, a knowledge that we do not have. We are however able to determine lower bounds on their values. We find
It is also relevant to investigate the supersymmetry breaking F-terms,
As in the case of the mass spectrum, we are not able to determine the values of the F-terms without a precise knowledge of the little Kähler potentials and superpotential prefactors. However, assuming that k χ ∼ (∂ χ ln A)/a and αk φ ∼ (∂ φ ln B)/b, we can estimate
36)
where 38) while the unknown terms are of order 
Aiming to discuss the physical implications of these expressions we will first set some notation. We introduce A 0 , B 0 as the values of A(χ, φ) and B(φ) at the vacuum. Following [6] we suitably rescale the moduli in such a way that at the phenomenologically interesting vacuum Re(S 0 ) ≡ Re(S π ) + αRe(T ) = 1. 6 Then, we have a ∼ 10 2 and, depending on the hidden brane unbroken gauge group, b ∼ 5 − 30. The value of B is also gauge group (and bundle moduli) dependent, but should be of order |B 0 | ∼ 10 −6 − 10 −7 M 3 P . Finally, the instanton number should be of order α ∼ 1.
In Table 1 we present a few physical features of a sample of three different Minkowski vacua with d = 0. Note that we allowed ourselves to tune the constant part of the superpotential W 0 at quite different values, depending on the value of b. For b ∼ 5 we have a value of W 0 of more or less 7 the natural order of magnitude [6] . By contrast, for the value b ∼ 30 that leads to a TeV scale gravitino mass, W 0 is by far too low and we have no explanation for its value. The value of Re(T ) in the third example presented in Table 1 is near an upper bound set by the different scales involved in the problem. This feature is shared with the vacua with µ 2 = 0 that we will find in the following section, to which we postpone a more detailed discussion of this bound.
In all three examples presented in Table 1 we find |f Sπ | ≫ |f T |. However this does not necessarily imply that supersymmetry breaking is dilaton dominated ( i.e. that |F Sπ | ≫ |F T |). In fact, in the third example we have |e| 2 ≫ 1, which means that the unknown terms O i introduced in Eqs. (3.36) and (3.37) might well dominate over the f I presented in Table 1 . In that case F T and F Sπ could be of the same order. By contrast, in the first example presented in the table, we do have f Sπ ≫ O i so that we can state that supersymmetry breaking is dilaton dominated. Note that given A 0 , B 0 , W 0 , a, b, fixing Re(S 0 ) = 1 determines both |c| and |e|. This means that for d = 0 the just mentioned features of supersymmetry breaking are fixed. It is however not excluded that the additional freedom introduced by considering non-vanishing values of d can modify this situation.
Finally let us mention that we do not provide values for the masses of the bundle moduli φ and χ as these are determined by unknown coefficients in the little Kähler potentials. But we should emphasize that, as it was the case for the toy model, it is always possible to choose these coefficients as to ensure that we are at minima of the potential with respect to the bundle moduli too.
Stable de Sitter vacua with matter VEVs
We have just shown that it is not necessary to invoke a tree-level dependence of the superpotential on bundle moduli to find Minkowski or dS vacua in heterotic M-theory. For the sake of completeness, however, we will also investigate this possibility here. Our framework is different from that in [26, 27] , the differences lying in the number of geometric moduli (which is smaller in ref. [26] ) and detailed form of the Kähler potential and superpotential, but our findings are qualitatively similar.
We thus consider a tree-level term in the superpotential of the form (cf. (2.19))
We further assume that unlike it was the case in the previous section, c, d and e are neglegible at the vacuum. Then, in contrast to that case, for a(T +T ) ≫ 1 the positions of the geometric moduli in the vacuum are not significantly altered by a value of µ 2 |W 0 |, only the the vacuum energy is affected. It is then not difficult to find out that at the vacuum 2) and thus, to obtain a Minkowski vacuum on has to set
for we have δV 0 ≃ e K K φφ |µ| 4 . Since the uplift disturbs the position of the minimum only very weakly, the supersymmetry conditions can be used to gain some qualitative insight on the features of Minkowski and dS vacua. From Φ ≃ −3 and Ψ ≃ −1 we find
We can use these 'order of ' relations to set upper bounds to the values of both Re(T ) and the Planck scale M P . Crucially, these bounds cannot be removed by the same effect that uplifts the vacuum. The following discussion applies also to the cases discussed in the previous section. Assuming as before that we are in the phenomenologically interesting vacuum with Re(S 0 ) = 1, one can investigate if it is possible to tune W 0 and A to obtain the correct value for M P . Using the above relations we find
We thus see that Re(T ) is bounded by the ratio of the gravitino mass to the Planck mass:
where we used that |A| M 3 P . Since a ∼ 10 2 or larger, it is clear that
From this, we then find that fixing the GUT scale at its phenomenological value, we always obtain a value for the Planck mass which is at least a bit too low
where M 2 P is the measured Plank scale and M 2 P is the value we obtain in our vacuum. The upper bound is attained for a gravitino mass of order the weak scale, m 3/2 ∼ 10 −16 M P , and |A| ∼ M 3 P . The former can be achieved for b ∼ 30, which is naturally obtained when the gauge instanton at the hidden brane breaks the E 8 down to a smaller gauge group. On the other hand, the value of A depends on the bundle modulus φ, but it is usually not expected that it takes values of order M 3 P . In fact, decreasing the value of |A| has the effect of further decreasing the value of M 2 P . A more conservative estimate of |A| ∼ 10 −5 (see [7] ) leads instead to the upper bound
(4.9)
These findings are confirmed by a numerical search for stable Minkowski vacua with µ 2 = 0. In table 2 we present the results of this search for three distinct cases. Note that, for simplicity, by a suitable little Kähler transformation we set k φφ = 1 and k φ = 0. In all cases, supersymmetry breaking is dilaton dominated, i.e. |F Sπ | ≫ |F T |. We also present a graphical illustration of the uplifted potential as a function of Re(S π ) and Re(T ) in Fig.1 . To produce this figure, we set all other fields to their local minima.
Conclusions and Outlook
In this paper we achieved stabilisation in Minkowski vacua of a minimal version of heterotic Mtheory with one Kähler modulus and up to two bundle moduli, one per brane, in addition to the dilaton. Since both uplift mechanisms discussed herein rely on the existence of vector bundle moduli, we had to assume a non-standard embedding of the gauge instanton. This, of course, nicely fits the fact that to obtain suitable heterotic GUTs one typically has to go beyond the simplest possibility of setting the gauge connection equal the spin connection. As we pointed out, it is not necessary to invoke the perturbative tree-level part of the superpotential to depend on the bundle modulus to obtain sufficient uplift: The non-perturbative terms might well do the job provided one has non-trivial gauge instantons embedded in both heterotic M-theory branes. This is a particularity of heterotic M-theory that would not work in no-scale models.
Due to the complexity involved in constructing heterotic compactifications, it is far from clear if it is possible to find concrete realizations of both mechanisms discussed in this paper. There has been some progress in finding closed expressions for both the tree-level [51] and the non-perturbative M2 brane instanton superpotentials (see [48] and references therein). Unfortunately, we are far from being able to determine the Kähler potential for bundle moduli explicitly for any non-trivial non-abelian HYM instanton over a smooth CY three-fold. It is therefore unclear if the values of order one that we took for |c| 2 and |e| 2 in section 3.2 are possible to attain. However, as we already pointed out, even if their values turn out to be one or two orders of magnitude smaller, this could be again compensated by the cumulative effect of a large number of bundle moduli, which is typically found to be in the order of the dozens.
Possible extensions of the framework discussed in this paper migth help avoiding the tension between a phenomenologically acceptable value of the GUT scale and the correct value of the Planck scale. In particular, the introduction of additional Kähler moduli and M5 branes in the bulk is a possible line of continuation of this work, which we are presently investigating.
Having discussed moduli stabilisation and uplift within a supergravity approximation it is also a natural next step to investigate the possibility of achieving slow-roll inflation in the same framework. We will consider this possibility in a future publication.
The fact that exp(−K/3) is an homogeneous function of degree four of the geometric moduli for k I = 0, implies that This can then be used to rewrite the F-term potential (after the complex structure has been stabilised) as
To further evaluate this expression we express the inverse Kähler metric K ij in terms of the inverse of K IJ , which we call K IJ 0 , and the inverse of K 0,αβ ≡ −K I k I αβ , denoted by K αβ 0 :
For the single geometric modulus case this result reduces to the one obtained in [49] , in the context of type IIB compactifications with D3-branes.
In the minimal truncation of heterotic M-theory considered in this paper, the low energy spectrum contains two geometric moduli: one Kähler modulus T and the CY 3 (hidden brane) volume modulus S π . Also, for simplicity, we consider the situation that there is only one vector bundle modulus per brane. Then, the F-term potential can be written as Here, I runs only over the geometric moduli, T and S π (i.e. X I = T, S π ), and
while
Finally, we specify the Kähler potential K = −3 ln 3 4α (S π +S π + α(T +T ) − αk 0 (χ,χ)) 
